Introduction
In this paper we shall consider the complementary Lidstone boundary value problem (-) m y (m+) There is a vast literature on Lidstone interpolation and boundary value problems. In fact, the Lidstone interpolation was first introduced by Lidstone In the present work, we shall establish the existence of at least three positive solutions using fixed point theorems of Leggett and Williams [] as well as of Avery [] . Estimates on the norms of these solutions will also be provided. Besides achieving new results, we also compare the results in terms of generality and illustrate the importance of the results through some examples. As remarked earlier, the presence of the derivative y in the nonlinear term F requires a special technique to tackle the problem.
(t) = F t, y(t), y (t) , t ∈ [, ], y()
The paper is organized as follows. Section  contains the necessary definitions and fixed point theorems. The existence criteria are developed and discussed in Section . Finally, examples are presented in Section  to illustrate the importance of the results obtained.
Preliminaries
In this section we shall state some necessary definitions, the relevant fixed point theorems and properties of certain Green's function. Let B be a Banach space equipped with the norm · . Definition . Let C (⊂ B) be a nonempty closed convex set. We say that C is a cone provided the following conditions are satisfied:
(a) If x ∈ C and α ≥ , then αx ∈ C; (b) If x ∈ C and -x ∈ C, then x = .
Definition . Let C (⊂ B) be a cone. A map ψ is a nonnegative continuous concave functional on C if the following conditions are satisfied: http://www.boundaryvalueproblems.com/content/2014/1/125
Definition . Let C (⊂ B) be a cone. A map β is a nonnegative continuous convex functional on C if the following conditions are satisfied:
Let γ , β, be nonnegative continuous convex functionals on C and α, ψ be nonnegative continuous concave functionals on C. For nonnegative numbers w i ,  ≤ i ≤ , we shall introduce the following notations:
The following fixed point theorems are our main tools, the first is usually called LeggettWilliams' fixed point theorem, and the second is known as the five-functional fixed point theorem. 
for all x ∈ P(γ , w  ). 
Then S has (at least) three fixed points x  , x  and x  in P(γ , w  ). Furthermore, we have
We also require the definition of an L  -Carathéodory function.
To tackle the complementary Lidstone boundary value problem (.), let us review certain attributes of the Lidstone boundary value problem. Let g m (t, s) be the Green's function of the Lidstone boundary value problem
where
Further, it is known that
The following two lemmas give the upper and lower bounds of |g m (t, s)|, they play an important role in subsequent development. We remark that the bounds in the two lemmas are sharper than those given in the literature [, , , ].
Triple positive solutions
In this section, we shall use the fixed point theorems stated in Section  to obtain the existence of at least three positive solutions of the complementary Lidstone boundary value problem (.). By a positive solution y of (.), we mean a nontrivial y ∈ C[, ] satisfying (.) and
To tackle (.), we first consider the initial value problem
whose solution is simply
Taking into account (.) and (.), the complementary Lidstone boundary value problem (.) reduces to the Lidstone boundary value problem
If (.) has a solution x * , then by virtue of (.), the boundary value problem (.) has a solution given by 
where g m (t, s) is the Green's function given in (.). A fixed point x * of the operator S is clearly a solution of the boundary value problem (.), and as seen earlier y
is a solution of (.). http://www.boundaryvalueproblems.com/content/2014/1/125
For easy reference, we shall list the conditions that are needed later. In these conditions the sets K andK are defined bỹ
(C) We have
and
(C) There exists a number  < θ ≤  such that
If (C) and (C) hold, then it follows from (.) that for x ∈K and t ∈ [, ],
) be fixed. We define a cone C in B as
where θ is given in (C). Clearly, we have C ⊆K .
Lemma . Let (C)-(C) hold. Then the operator S defined in (.) is continuous and completely continuous, and S maps C into C.
Proof 
(  .  ) http://www.boundaryvalueproblems.com/content/2014/1/125
Hence, we have
Now, employing (.), Lemma ., (C) and (.), we find for t ∈ [δ,  -δ],
This leads to
We have shown that Sx ∈ C.
For subsequent results, we define the following constants for fixed δ ∈ (,  
) and 
Suppose that there exists a number d
Then, using (.), (C) and (.), we find for t ∈ [, ],
This implies Sx < d. Together with the fact that Sx ∈ C (Lemma .), we have shown that Sx ∈ C(d). Conclusion (.) is now immediate.
Using a similar argument as Lemma ., we have the following lemma.
Lemma . Let (C)-(C) hold. Suppose that there exists a number d
>  such that for u, v ∈ [, d], f (u, v) ≤ d q .
Then S C(d) ⊆ C(d).
We are now ready to establish the existence of three positive solutions for the complementary Lidstone boundary value problem (.). The first result below uses LeggettWilliams' fixed point theorem (Theorem .). Suppose that there exist numbers w  , w  , w  with
Theorem . Let δ ∈ (,
such that the following hold:
Q) one of the following holds:
(Q) lim sup u→∞,v→∞
Then we have the following conclusions:
(a) The Lidstone boundary value problem (.) has (at least) three positive solutions
(.) http://www.boundaryvalueproblems.com/content/2014/1/125 (b) The complementary Lidstone boundary value problem (.) has (at least) three positive solutions y  , y  , y  such that for i = , , ,
(where x i 's are those in conclusion (a)). We further have 
Noting (.), it is then clear that for
Now, pick the number w  so that
Let x ∈ C(w  ). Using (.), (.) and (.) yields for t ∈ [, ],
Hence, Sx < w  and so Sx ∈ C(w  ) ⊂ C(w  ). Thus, (.) follows immediately. Note that the argument is similar if we assume that lim sup u→∞,v→∞
Clearly, ψ is a nonnegative continuous concave functional on C and ψ(x) ≤ x for all x ∈ C.
We shall verify that condition (a) of Theorem . is satisfied. It is obvious that
Using (.), (.), (C) and (R), it follows that
Therefore, we have shown that ψ(Sx) > w  for all x ∈ C(ψ, w  , w  ). ≤ w  , we find
Hence, we have proved that ψ(Sx) > w  for all x ∈ C(ψ, w  , w  ) with Sx > w  . http://www.boundaryvalueproblems.com/content/2014/1/125
It now follows from Theorem . that the Lidstone boundary value problem (.) has (at least) three positive solutions x  , x  , x  ∈ C(w  ) satisfying (.). It is easy to see that here (.) reduces to (.). This completes the proof of conclusion (a).
Finally, it is observed from (.) that the complementary Lidstone boundary value problem (.) has (at least) three positive solutions y  , y  , y  such that for i = , , ,
Combining (.) and (.) gives (.) immediately.
Hence, noting (.), (.) and (.), we get (.). This completes the proof of conclusion (b).
We shall now employ the five-functional fixed point theorem (Theorem .) to give other existence criteria. In applying Theorem . it is possible to choose the functionals and constants in different ways, indeed we shall do so and derive two results. Our first result below turns out to be a generalization of Theorem ..
Suppose that there exist numbers w i ,  ≤ i ≤ , with
Then we have the following conclusions: http://www.boundaryvalueproblems.com/content/2014/1/125 (a) The Lidstone boundary value problem (.) has (at least) three positive solutions
The complementary Lidstone boundary value problem (.) has (at least) three positive solutions y  , y  , y  such that (.) holds for i = , , . We further have
(.)
Proof We shall apply Theorem . with the cone C defined in (.). We define the following five functionals on the cone C:
First, we shall show that the operator S maps P(γ , w  ) into P(γ , w  ). Note that P(γ , w  ) = C(w  ). By (Q) and Lemma . (with d = w  ), we immediately have S(C(w  )) ⊆ C(w  ).
Next, to see that condition (a) of Theorem . is fulfilled, we note that
. Then by definition we have α(x) ≥ w  and (x) ≤ w  , which imply
Noting (.), (.), (C) and (R), we find
Hence, α(Sx) > w  for all x ∈ P(γ , , α, w  , w  , w  ). http://www.boundaryvalueproblems.com/content/2014/1/125
We shall now verify that condition (b) of Theorem . is satisfied. Let w  be such that  < w  < w  . Note that
which lead to the following:
Using (.), (.), (.), (C), (P) and (Q) successively, we find
Next, we shall show that condition (c) of Theorem . is met. Let x ∈ C. Clearly, we have
Moreover, using the fact that S maps C into C, we find
Combining (.) and (.) yields
Now, let x ∈ P(γ , α, w  , w  ) with (Sx) > w  . Then it follows from (.) and the inequality
Thus, α(Sx) > w  for all x ∈ P(γ , α, w  , w  ) with (Sx) > w  . Finally, we shall prove that condition (d) of Theorem . is fulfilled. Let x ∈ Q(γ , β, w  , w  ) with ψ(Sx) < w  . Then we have β(x) ≤ w  and γ (x) ≤ w  which give (.) and (.). As in proving condition (b), we get β(Sx) < w  . Hence, condition (d) of Theorem . is satisfied.
It now follows from Theorem . that the Lidstone boundary value problem (.) has (at least) three positive solutions x  , x  , x  ∈ P(γ , w  ) = C(w  ) satisfying (.). Furthermore, (.) reduces to (.) immediately. This completes the proof of conclusion (a).
Finally, as in the proof of Theorem ., we see that (.) holds for the positive solutions y i , i = , , , of the complementary Lidstone boundary value problem (.). Moreover, noting that
Lastly, using (.) and
The proof of conclusion (b) is complete.
We shall now consider the special case of Theorem . when (.)
As in the proof of Theorem ., using (Q) and Lemma . we can show that S : P(γ , w  ) → P(γ , w  ).
Next, to see that condition (a) of Theorem . is fulfilled, we use (R) and a similar argument as in the proof of Theorem ..
We shall now prove that condition (b) of Theorem . is satisfied. Note that Thus, β(Sx) < w  for all x ∈ Q(γ , β, w  , w  ) with ψ(Sx) < w  . Conclusion (a) now follows from Theorem . immediately, while conclusion (b) is similarly obtained as in Theorem ..
